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bstract
Let f  : A  →  B  and g  : A  →  C  be two ring homomorphisms and let J  and J′ be two ideals of B  and C, respectively, such that
−1(J) = g−1(J′). The bi-amalgamation of A  with (B, C) along (J, J′) with respect to (f, g) is the subring of B  ×  C  given by
f,g(J,  J ′) =  {(f  (a) +  j,  g(a) +  j′) | a  ∈  A,  (j,  j′) ∈  J  ×  J ′}
his paper try to find formulas and conditions that yield a connection between the global dimension of Noetherian bi-amalgamated
lgebra and the global dimension of the other rings involved.
 2015 Taibah University. Production and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND license
http://creativecommons.org/licenses/by-nc-nd/3.0/).
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Throughout, all rings considered are commutative
ith unity and all modules are unital. For a ring R,
ldim(R) will denote the global dimension of R. For
n R-module M, the projective dimension of M  and the
at dimension of M  are denoted by pdR(M) and fdR(M),
espectively. Finally, for a ring R  and an ideal I  of R,Please cite this article in press as: M. Tamekkante, K. Louartiti. On t
along ideals, J. Taibah Univ. Sci. (2015), http://dx.doi.org/10.1016/
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http://creativecommons.org/licenses/by-nc-nd/3.0/).Spec(R), Max(R) and V(I) shall denote the set of prime
ideals of R, the set of maximal ideals of R  and the set of
prime ideals of R containing I, respectively.
The following diagram of ring homomorphisms
is called pullback (or fiber product) if the homomorphism
ι2 ×  μ2 : R →  R1 ×  R2 induces an isomorphism of R onto
the subring of R1 ×  R2 given by
μ1 ×  ι1 :=  {(r1,  r2) | μ1(r1) =  ι1(r2)}he global dimension of Noetherian bi-amalgamated algebras
j.jtusci.2014.09.001
. This is an open access article under the CC BY-NC-ND license
The homological properties of a fibre product R have
been studied previously. Milnor [1] has characterized
projective modules over such a ring R assuming that
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ι1 is surjective. Facchini and Vamos [2] have obtained
analogues of Milnor’s theorems for injective and flat
modules. In 1985, A. N. Wiseman [3] obtained the fol-
lowing upper bound on the global dimension of R:
gldim(R)   max{gldim(R1),  gldim(R2)}
+ max{fdR(R1),  fdR(R2)}
He also pointed out the fact that it is impossible to esti-
mate gldim(R) with only gldim(R1) and gldim(R2) given,
because there exists examples in which the pullback R
has infinite global dimension whilst those of the compo-
nent rings R1 and R2 are finite.
In 1988, E. Kirkman and J. Kuzmanovich [5] showed
that if ι1 is surjective then
gldim(R)   max{gldim(R1) +  fdR(R1),
gldim(R2) +  fdR(R2)}
The aim of this paper is to give a preliminary study of the
global dimension of a subclass of pullbacks rings called
bi-amalgamated algebras introduced in [4].
Let f  : A  →  B  and g  : A  →  C  be two ring homo-
morphisms and let J  and J′ be two ideals of B  and
C, respectively, such that f−1(J) = g−1(J′). The bi-
amalgamation of A  with (B, C) along (J, J′) with respect
to (f, g) is the subring of B  ×  C  given by
Af,g(J,  J ′)
=  {(f  (a) +  j, g(a) +  j′) | a ∈ A,  (j,  j′) ∈  J  ×  J ′}
In [4], the authors studied ring-theoretic prop-
erties of bi-amalgamations, provided examples of
bi-amalgamations, studied the transfer of some basic ring
theoretic properties to bi-amalgamations and described
the prime ideal structure of these constructions. They
also showed how these constructions arise as pullbacks.
Given f : A  →  B  and g  : A  →  C  two ring homomorphisms
and J  and J′ be two ideals of B  and C, respectively,
such that f−1(J) = g−1(J′) : = I, the bi-amalgamation is
determined by the following pullback:Please cite this article in press as: M. Tamekkante, K. Louartiti. On t
along ideals, J. Taibah Univ. Sci. (2015), http://dx.doi.org/10.1016/
where μ1 and μ2 are the surjection morphisms induced
from the canonical surjections of (f(A) + J) ×  (g(A) + J′)
into f(A) + J and g(A) + J′, respectively, and α(f  (a) + PRESS
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j) =  a  and β(g(a) +  j′) =  a, for each a  ∈ A  and j,
j′ ∈  J  ×  J′. That is
Af,g(J,  J ′) =  α ×A
I
β
The interest of these bi-amalgamations resides, partly,
in their ability to cover several basic constructions in
commutative algebra, including classical pullbacks (e.g.,
D + M, A  + XB[X], A  + XB[[X]], etc.), Nagata’s idealiza-
tions (also called trivial ring extensions which have been
widely studied in the literature), and Boisen-Sheldon’s
CPI-extensions [6].
Given a ring homomorphism f : A  →  B  and an ideal
J of B, the bi-amalgamation A   ι,f(f−1(J), J) coincides
with the amalgamated algebra introduced in 2009 by
D’Anna, Finocchiaro, and Fontana ([7,8]) as the follow-
ing subring of A × B:
Af J  =  {(a,  f  (a) +  j) |  a  ∈  A,  j  ∈  J}
When A = B  and f = id, the amalgamated A   idI  is called
amalgamated duplication of a ring A  along the ideal I
and denoted A   I  (introduced in 2007 by D’Anna and
Fontana, [9]). This construction can be presented as a
bi-amalgamated algebra as follows:
AI  =  Aid,id(I,  I)
This paper try to find formulas and conditions that yield a
connection between the global dimension of Noetherian
bi-amalgamated algebra and the global dimension of the
other rings involved.
Throughout, let f  : A  →  B  and g  : A →  C  be two ring
homomorphisms and let J, J′ two ideals of B and C,
respectively, such that I  : = f−1(J) = g−1(J′). Let
Af,g(J,  J ′)
=  {(f  (a) +  j,  g(a) +  j′) | a  ∈  A,  (j,  j′) ∈  J  ×  J ′}
the bi-amalgamation of A  with (B, C) along (J, J′) with
respect to (f, g).
2.  Global  dimension  of  Noetherian
bi-amalgamated  algebras
The purpose of this section is to find a con-
nection between the global dimension of Noetherian
bi-amalgamated algebra A   f,g(J, J′) and the global
dimensions of f(A) + J  and g(A) + J′. However, it is not
always possible to give a like connection or just an esti-
mation without working under some conditions. Thehe global dimension of Noetherian bi-amalgamated algebras
j.jtusci.2014.09.001
following example gives an amalgamated duplication
A   I  (which is a particular case of bi-amalgamated alge-
bras) with infinite global dimension whilst the global
dimension of A  + I  = A is finite.
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xample  2.1.  Let s    2 be an integer. Then,
ldim(Z) =  1 and gldim(ZsZ) =  ∞.
roof.  Set R  :=  ZsZ. There exists the free resolution
f the R-module Z
 . .
(0,s)−→R (s,0)−→R (0,s)−→R    Z −→  0
here the syzygies are the submodules 0 ×  sZ ∼= Z and
Z ×  0 ∼= Z. If pdR(Z) is finite then Z is projective.
owever, it is easily seen that the short exact sequence
 −→  0 ×  sZ −→  R    Z −→  0
o not split. Consequently, pdR(Z) =  ∞, and thus
ldim(R) =∞. 
The first result of this section study when the global
imension of bi-amalgamated local Noetherian algebra
s finite.
roposition  2.1.  Suppose  that  f(A) + J and  g(A) + J′ are
oth local  Noetherian  rings.  The  following  are  equiva-
ent:
1) gldim (Af,g(J,  J ′)) < ∞.
2) ”J  = 0 and  gldim (g(A) +  J ′) < ∞”  or  “J′ = 0 and
gldim (f (A) +  J) <  ∞”.
roof.  If J = 0 and J′ = 0, by [4, Proposition 4.1],
f,g(J,  J ′) ∼= f (A) ∼= g(A)
nd the result is straightforward.
Otherwise, using [4, Propositions 4.2 and 5.4],
  f,g(J, J′) is local Noetherian. Thus, if A   f,g(J, J′)
as a finite global dimension, it is so a regular ring, and
hus an integral domain. In this case, by [4, Proposition
.5], J = 0 or J′ = 0.
If J  = 0 (or J′ = 0), by [4, Proposition 4.1],
f,g(J,  J ′)
∼= g(A) +  J
(
or  Af,g(J,  J ′) ∼= f (A) +  J ′
)
onsequently, we obtain the desired equivalence. 
Let’s adopt the following notation:Please cite this article in press as: M. Tamekkante, K. Louartiti. On t
along ideals, J. Taibah Univ. Sci. (2015), http://dx.doi.org/10.1016/
Max(A,  I) =: Max(A) ∩  V(I) =  {m ∈  Max(A) | I  ⊆  m}
Y  =: Max (f (A) +  J)
Y′ =  Max (g(A) +  J ′) PRESS
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and, for L ∈ Y  and L  ∈  Y′ consider the maximal ideals
of A   f,g(J, J′) given by:
L =
(
L × (g(A) + J ′)
)
∩
(
Af,g(J, J ′)
)
=
{
(f (a) + j, g(a) + j) | a ∈ A, (j, j′) ∈ J × J ′, f (a) + j ∈ L
}
L′ =
(
(f (A) + J) × L′
)
∩
(
Af,g(J, J ′)
)
=
{
(f (a) + j, g(a) + j) | a ∈ A, (j, j′) ∈ J ×J ′, g(a) + j′ ∈ L′
}
and, for an ideal I  of A, set
If,g(J,  J ′)
=  {(f  (i) + j,  g(i) +  j′) | i ∈ I,  (j,  j′) ∈ J  ×  J ′}
which is an ideal of A   f,g(J, J′).
Using [4, Lemmas 5.1 & 5.2 and Proposition 5.3], we
deduce the following result.
Proposition  2.2.  Under  the  above  notation,  let  M  be  a
maximal  ideal  of  A   f,g(J, J′).  Then,
(1) J  ×  J ′ ⊆  M  ⇔  ∃!m ∈  Max(A,  I) such  that  M  =
mf,g(J,  J ′).
In  this  case, ∃L  ⊇  J  in  Y  and  ∃L′ ⊇  J′ in  Y′ such
that M  =  L  =  L′.
(2) J  ×  J ′  M  ⇔  ∃!L  ∈  Y  (or  Y′) such  that  J   L
(or J   L) and  M  = L.
In this  case, (Af,g(J,  J ′))M ∼= (f (A) +  J)L(
or  (Af,g(J,  J ′))M ∼= (g(A) +  J ′)L′
)
.
Consequently,  we  have
Max
(
Af,g(J,  J ′)
)
= {L |  L  ∈  Max (f (A) +  J) ∪ Max (g(A) +  J ′)}
Recall that, for a ring R  and an R-module M, the set
Supp(M) :=  {p  ∈  Spec(R) | Mp /=  0}
is called the support of M  ([10, p. 95]), and, for a
given m ∈  Max(A,  I), it is easily seen that f (m) +  J  and
g(m) +  J ′ are maximal ideals of f(A) + J  and g(A) + J′,
respectively. The multiplicatively closed subsets asso-he global dimension of Noetherian bi-amalgamated algebras
j.jtusci.2014.09.001
ciates are
(f  (A) +  J)\(f  (m) +  J) =  f (A\m) +  J
and (g(A) +  J ′)\(g(m) +  J ′) =  g(A\m) +  J ′
 IN+Model
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Consider the following subsets of Max(A, I)
D(I,  J) = {m ∈  Max(A,  I) |  f  (m) +  J  /∈  Supp(J)}
= {m ∈  Max(A,  I) |  Jf (m)+J =  0}
D(I,  J ′) =  {m ∈  Max(A,  I) |  g(m) +  J ′ /∈  Supp(J ′)}
= {m ∈  Max(A,  I) |  J ′g(m)+J ′ =  0}
Remark  2.1.  By [10, Theorem 3.3.22], for a given ring
R and a finitely generated R-module M  with annihilator
a, we have
Supp(M) =  V(a)
Thus, if f(A) + J  is Noetherian then Jf (m)+J =  0 is equiv-
alent to annf (A)+J (J)  f  (m) +  J ; that is
V
(
annf (A)+J (J)
) ∩  V(J) =  ∅
The following proposition gives an idea about what
means the condition Jf (m)+J =  0 for m ∈ Max(M,  I).
Proposition 2.3.  Suppose  that  f(A) + J is  Noetherian
and let  m ∈  Max(M,  I).  Then, Jf (m)+J =  0 if  only  if({
a  ∈  A  |  ∃j  ∈  J  suchthat f  (a) +  J  ∈  annf  (A)+J (J)
})
m
=  Am
Proof.  (⇒) From Remark 2.1, there exists f  (a) +  j  ∈
annf (A)+J (J)\f  (m) +  J . Then, a  /∈  m, and thus({
a  ∈  A  |  ∃j  ∈  J  suchthat f  (a) +  J  ∈  annf  (A)+J (J)
})
m
=  Am
(⇐) There exists f(a) + j ∈  annf(A)+J(J) and r, r′ /∈  m such
(a −  r)r′ = 0. Thus, (f(a) −  f(r))f(r′) = 0. Since f  (r′) /∈
f (m) +  J , we have immediately
(f  (a) +  j) −  (f  (r) +  j) =  f  (a) −  f  (r) ∈  f  (m) +  J
Certainly, f  (a) +  j  /∈  f  (m) +  J  since f  (r) +  j  /∈
f (m) +  J . Hence, annf (A)+J (J)  f  (m) +  J , and so
Jf (m)+J =  0. 
Consider the following two values:
gldim(J,J ′)(f  (A) +  J) =  sup
{
gldim(f  (A) +  J)L,
gldim(f (A) +  J)f (m)+J | J  L  ∈ Y,  m ∈  D(I,  J ′)
}
gldim(J,J ′)(g(A) +  J ′) =  sup
{
gldim(g(A) +  J ′)L,
gldim(g(A) +  J)g(m)+J ′ |  J ′  L  ∈  Y′, m ∈  D(I,  J)
}Please cite this article in press as: M. Tamekkante, K. Louartiti. On t
along ideals, J. Taibah Univ. Sci. (2015), http://dx.doi.org/10.1016/
The main result of this section computes the global
dimension of Noetherian bi-amalgamated algebras. PRESS
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Theorem  2.1.  Under  the  above  notation,  suppose  that
f(A) + J and  g(A) + J′ are  Noetherian.  The  following  are
equivalent:
(1) gldim(A f,g(J, J′)) < ∞.
(2) sup (gldim(J,J ′)(f  (A) +  J),  gldim(J,J ′)(g(A) +  J ′))
< ∞  and  Max(A, I) = D(I, J) ∪  D(I, J′).
More precisely,  if Max(A, I) = D(I, J) ∪  D(I, J′),
gldim(Af,g(J,  J ′)) =  sup{gldim(J,J ′)(f  (A) +  J),
gldim(J,J ′)(g(A) +  J ′)
} (*)
Proof.  First, note that A  f,g(J, J′) is also Noetherian
(by [4, Proposition 4.2]).
Let m ∈  Max(A,  I). By [4, Lemma 5.1],
M : = m   f,g(J, J′) is a maximal ideal of A  f,g(J,
J′) and, using [4, Proposition 5.7], we have(
Af,g(J,  J ′)
)
M
∼= Amfm,gm (Jf (m)+J , J ′g(m)+J ′ ) (clubsuit )
where fm : Am →  Bm and gm : Am →  Cm are the ring
homomorphisms induced by f and g, respectively.
If we suppose (1) is satisfied, then the local Noethe-
rian ring
(
Af,g(J,  J ′))
M
has finite global dimension,
and thus it is an integral domain. Accordingly, by [4,
Proposition 4.5], Jf (m)+J =  0 or J ′g(m)+J ′ =  0. Thus,
Max(A, I) = D(I, J) ∪  D(I, J′).
To complete the proof is suffices to prove the equality
(*) under the assumption Max(A, I) = D(I, J) ∪  D(I, J′).
“  ′′ Let m ∈  D(I,  J ′). Keeping in mind (♣) and
using [4, Proposition 4.1], we get(
Af,g(J,  J ′)
)
M
∼= fm(Am) + Jf (m)+J
=  (f  (A) +  J)f (m)+J
Let L  ∈ Y  such that J   L. Using Proposition 2.2, L  is a
maximal ideal of A   f,g(J, J′), and, we obtain
(Af,g(J,  J ′))L ∼= (f (A) +  J)L
So, since A   f,g(J, J′) is Noetherian, we conclude that
gldim(J,J ′)(f  (A) +  J)   gldim(Af,g(J,  J ′))
and, similarlyhe global dimension of Noetherian bi-amalgamated algebras
j.jtusci.2014.09.001
gldim(J,J ′)(g(A) +  J ′)   gldim(Af,g(J,  J ′))
′′ ′′ Let M  be a maximal ideal of A   f,g(J, J′).
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If J ×  J′ ⊆  M, there exists (a unique) m ∈ Max(A,  I)
uch that M  =  mf,g(J,  J ′). In this case, by using the
somorphism (♣) and [4, Proposition 4.1],
Af,g(J,  J ′)
)
M
∼=
{
fm(Am) +  Jf (m)+J =  (f  (A) +  J
gm(Am) +  J ′g(m)+J ′ =  (g(A) +  J
f J  ×  J′ M, there exists (a unique) L  ∈ Y  (or  Y′)
uch that J  L  (or J   L) and M  =  L. In this case, from
roposition 2.2,
Af,g(J,  J ′)
)
M
∼=
{ (f (A) +  J)L, if L  ∈  Y
(g(A) +  J ′)L, if L  ∈  Y′
ccordingly,
ldim(Af,g(J,  J ′))   sup{gldim(J,J ′)(f  (A) +  J),
gldim(J,J ′)(g(A) +  J ′)
}
emark  2.2.  It is clear, from the above theorem, that
n the Noetherian context, if Max(A, I) = D(I, J) ∪  D(I,
′) (in particular if gldim(A f,g(J, J′) < ∞) then
ldim(Af,g(J,  J ′))   sup {gldim(f  (A) +  J),
gldim(g(A) +  J ′)}
roposition  2.4.  Suppose  that  f(A) + J and  g(A) + J′ are
oetherian. If  Max(A, I) = D(I, J) ∪  D(I, J′),  then
up
(
gldim(Af,g(J,  J ′)),  gldim(A/I)
)
=  sup (gldim(f  (A) +  J),  gldim(g(A) +  J ′))
roof.  Let m  ∈  Max(A, I). As in the proof of Theorem
.1, we have
Af,g(J,  J ′)
)
M
∼= Amfm,gm (Jf (m)+J ,  J ′g(m)+J ′ )
ith M  :=  mf,g(J,  J ′). Thus, using [4, Proposition
.1], {
sup
(
gldim(Af,g(J,  J ′)),  gldim(A/I)) =  sup{g
= sup (gPlease cite this article in press as: M. Tamekkante, K. Louartiti. On t
along ideals, J. Taibah Univ. Sci. (2015), http://dx.doi.org/10.1016/
A
I
)
m
I
∼= Am
Im
fm(Am) +  Jf (m)+J =  (f  (A) +  J)f (m)+J ,  
gm(Am) +  J ′g(m)+J ′ =  (g(A) +  J ′)g(m)+J ′ ,   PRESS
niversity for Science xxx (2015) xxx–xxx 5
J , if m ∈  D(I,  J ′)
J ′ ,  if m ∈  D(I,  J)
Note that there is no other cases since Max(A,
I) = D(I, J) ∪  D(I, J′). Thus, since A/I  is also Noetherian(
A
I
∼= f (A)+JJ
)
,
gldim(A/I) =  sup{gldim(f  (A) +  J)f (m)+J ,
gldim(g(A) +  J)g(m′)+J ′ | m ∈  D(I,  J),  m′ ∈  D(I,  J ′)
}
Since Max(A, I) = D(I, J) ∪  D(I, J′), it is evident that
Y  :=  Max(f  (A) +  J) =  {J   L  ∈ Y}  ∪  {f  (m)
+ J  | m ∈ D(I,  J)}  ∪  {f  (m) +  J |  m ∈ D(I,  J ′)}
and
Y′ :=  Max(g(A) +  J ′) =  {J ′  L  ∈  Y}  ∪  {g(m)
+ J ′ | m ∈ D(I,  J ′)}  ∪  {g(m) +  J ′ |  m ∈  D(I,  J)}
Thus, from Theorem 2.1,
 (A) +  J)L,  gldim(g(A) +  J ′)L′ |  L  ∈  Y,  L′ ∈  Y′}
f  (A) +  J),  gldim(g(A) +  J ′))

Example  2.2.  Consider the two canonical surjective
ring homomorphisms π1 : Z →  Z/12Z and π2 : Z →
Z/18Z, and set J  =  6Z/12Z and J ′ =  6Z/18Z. Then,
gldim(Zπ1,π2 (J,  J ′)) =  ∞
Proof.  We have
(1) I =  6Z and Max(Z, I) =  {2Z, 3Z}
(2) annZ/12Z(J) =  2Z/12Z, and so D(I,  J) =  {3Z}
(3) annZ/18Z(J ′) =  3Z/12Z, and so D(I,  J) =  {2Z}he global dimension of Noetherian bi-amalgamated algebras
j.jtusci.2014.09.001
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(
gldim(Zπ1,π2 (J,  J ′)),  gldim(Z/6Z))
= sup (gldim(Z/12Z), gldim(Z/18Z))
On the other hand, gldim (Z/6Z) =  0 and
gldim(Z/12Z) =  gldim(Z/18Z) =  ∞. Consequently,
gldim(Zπ1,π2 (J,  J ′)) =  ∞. 
Corollary  2.1.  Suppose  that  f(A) + J and  g(A) + J′ are
Noetherian, and  that  annf(A)+J(J) ⊆  J  (in  particular  if  J
contains a  regular  element).  If  gldim(A f,g(J, J′)) < ∞,
then J′ is  generated  by  an  idempotent  element.
In this  case,  we  have
gldim(f  (A) +  J ′)   gldim(Af,g(J,  J ′))
≤ slant  sup{gldim(f  (A) +  J),  gldim(g(A) +  J ′)}
Proof.  Since annf(A)+J(J) ⊆  J, for each m ∈ Max(A,  I),
annf (A)+J (J) ⊆  f  (m) +  J , and so, by Remark 2.1,
Jf (m)+J /=  0. To get a finite global dimension of
A  f,g(J, J′), we need to have Jg(m)+J ′ =  0 for
each m ∈  Max(A,  I), that is anng(A)+J ′ (J ′)  g(m) +
J ′ for each m ∈  Max(A,  I). Suppose that J ′ +
anng(A)+J ′ (J ′) /=  g(A) +  J ′. Then, there exists a max-
imal ideal M  of g(A) + J′ such J ′ +  anng(A)+J ′ (J ′) ⊆
M. For such ideal M  there exists a maximal ideal m
such that M  =  g(m) +  J ′, which generate an impossible
situation. Hence, J ′ +  anng(A)+J ′ (J ′) =  g(A) +  J ′. Let
a ∈  J′ and b ∈  anng(A)+J ′ (J ′) such that 1 = a  + b. Then,
a = a(a  + b) = a2 and for each j ∈  J′, j  = ja.
In this situation, Max(A, I) = D(I, J′). With the above
notation,
gldim(f (A) + J) = gldim(J,J ′)(f (A) + J)
 gldim(Af,g(J, J ′))
 sup{gldim(f (A) + J), gldim(g(A) + J ′)}

Corollary  2.2.  Suppose  that  f(A) + J and  g(A) + J′ are
Noetherian. If  J  and  J′ are  generated  by  an  idempotent
element  respectively,  then
gldim(Af,g(J,  J ′) =  sup{gldim(f  (A) +  J),
gldim(g(A) +  J ′)}
In  particular,  A   f,g(J, J′) is  a  semisimple  ring  if  and
only if  f(A) + J  and  g(A) + J′ are  semisimple.Please cite this article in press as: M. Tamekkante, K. Louartiti. On t
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Proof. Set J = (e) where e is an idempotent element of
f(A) + J. Then, annf(A)+J(J) = (1 −  e) and 1 −  e =  f  (1) −
e /∈  f  (m) +  J for each m ∈ Max(A,  I). Hence, D(I, PRESS
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J) = Max(A, I), and similarly D(I, J′) = Max(A, I). Con-
sequently,
gldim(f  (A) +  J) =  gldim(J,J ′)(f  (A) +  J)
and gldim(g(A) +  J ′) = gldim(J,J ′)(g(A) +  J ′)
and the desired result follows from Theorem 2.1.
The last statement follows from the facts that if
“A  f,g(J, J′) is a semisimple” or “f(A) + J and g(A) + J′
are semisimple” the rings f(A) + J  and g(A) + J′ are
Noetherian and J (resp. J′) is generated by a single idem-
potent element as a f(A) + J (resp. g(A) + J′) ideal. 
Corollary 2.3.  Suppose  that  f(A) + J and  g(A) + J′ are
Noetherian and  that  J ×  J′ contains  a  regular  element.
If gldim(A f,g(J, J′)) < ∞  then  J  = B  (and  J′ = C).
Proof.  Follows by Corollary 2.1, J and J′ are gener-
ated by idempotent elements. Thus, since they contains
regular elements, J = f(A) + J  = B and J′ = g(A) + J′ = C. 
The next result recovers the special case of amalga-
mated duplication of a ring along an ideal.
Corollary  2.4.  Let  A be  a Noetherian  ring  and  I an  ideal
of A.  Then, gldim(A  I) < ∞  if and  only  if  gldim(A)< ∞
and I  is  generated  by  an  idempotent  element.
In this  case
gldim(AI) =  gldim(A)
Proof.  Recall that A   I  = A   idA,idA (I, I). If
gldim(A   I) is finite, from Theorem 2.1, Im =  0
for each m ∈  Max(A,  I). Then, by Remark 2.1,
annA(I)  m for each m ∈ Max(A,  I). Accordingly,
annA(I) + I  = A, and so I  is generated by an idempotent.
In this stage, the result follows from Corollary 2.2. 
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